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COMPACT COMPLEX SURFACES AND CONSTANT SCALAR
CURVATURE KA¨HLER METRICS
YUJEN SHU
Abstract. In this article, I prove the following statement: Every compact
complex surface with even first Betti number is deformation equivalent to
one which admits an extremal Ka¨hler metric. In fact, this extremal Ka¨hler
metric can even be taken to have constant scalar curvature in all but two
cases: the deformation equivalence classes of the blow-up of P2 at one or two
points. The explicit construction of compact complex surfaces with constant
scalar curvature Ka¨hler metrics in different deformation equivalence classes
is given. The main tool repeatedly applied here is the gluing theorem of C.
Arezzo and F. Pacard which states that the blow-up/resolution of a compact
manifold/orbifold of discrete type, which admits cscK metrics, still admits
cscK metrics.
1. Introduction
Let (M,J) be a compact complex Ka¨hler manifold, and γ be a Ka¨hler class of
(M,J). Calabi [8] considers the functional Φ(g) :=
∫
s2gdvg defined on the set of all
Ka¨hler metrics g in the class γ, where sg denotes the scalar curvature associated to
the metric g. A Ka¨hler metric is called extremal if it is a critical point of Φ. It has
been shown that g is extremal if and only if the gradient of the scalar curvature sg
is a real holomorphic vector field. In particular, g is extremal if sg is constant. The
famous Aubin-Yau theorem [4, 41] asserts that every compact complex manifold
X with negative first Chern class admits a Ka¨hler-Einstein metric in the canonical
class −c1(X), which has a negative constant scalar curvature. Followed by applying
a deformation argument due to LeBrun and Simanca [24], we know there exists a
constant scalar curvature Ka¨hler (cscK) metric in every class near −c1(X).
There are classical obstructions to the existence of cscK metrics related to the
automorphism group Aut(M,J) of (M,J). The Matsushima-Lichnerowicz theorem
[25, 27] states that the identity component Aut0(M,J) of the automorphism group
must be reductive if a cscK metric exists. Later, Futaki [13] shows that the scalar
curvature of an extremal Ka¨hler metric is constant if and only if its Futaki invariant
vanishes identically. Recently Donaldson [10], Chen-Tian [9] and Mabuchi [26, 28]
have made substantial progress on relating the existence and uniqueness of extremal
Ka¨hler metrics in Hodge Ka¨hler classes to the K-stability of polarized projective
varieties. In particular, it has been shown that K-stability is a necessary condition
for the existence of cscK metrics for a polarized projective variety. The main result
of this article is the following:
Main Theorem Every compact complex surface with even first Betti number is
deformation equivalent to one which admits an extremal Ka¨hler metric. In fact,
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this extremal Ka¨hler metric can even be taken to have constant scalar curvature in
all but two cases: the deformation equivalence classes of the blow-up of P2 at one
or two points.
The hypothesis that b1 is even is equivalent to requiring that (M,J) admits a
Ka¨hler metric [35, 37]. One of the main tools in our proof is the major breakthrough
by Arezzo and Pacard [1]: Let M be a complex manifold/orbifold of discrete type,
which admits cscK metrics. Then the blow-up/resolution ofM admits cscK metrics.
To prove the main theorem, we proceed along the Kodaira dimension κ of (M,J).
The main difficulty lies in the case of κ = 1. First of all, we deal with the case
of principal E-bundles, where E is a smooth elliptic curve. We could show every
principal E-bundle with even Betti number is covered by H × C, and it inherits
a cscK metric from the product metric. Analyzing the geometric structure of the
surface and the local structure near a multiple fibre, we can generalize this result to
the case of all elliptic surfaces whose each fibre has smooth reduction. To construct
an elliptic surface with cscK metrics and positive Euler number in each deformation
class, we start with the elliptic surface S, which is obtained by applying logarithmic
transform along some fibres on the trivial elliptic bundle. Under certain choices of
the base curve and the fibres on which logarithmic transform is applied, there exists
an holomorphic involution ι : S → S. Although the quotient of S by the action of
involution ι is singular, we can show that its resolution is smooth and carries cscK
metrics by an application of Arezzo-Pacard’s result [1]. Finally, to show elliptic
surfaces with positive Euler number of each deformation class can be constructed
in this way, we use the deformation theory of elliptic surfaces [11]: in the case of
positive Euler number, the deformation class of an elliptic surface is determined by
the diffeomorphism type of the base orbifold and the Euler number χ.
In section 4, we explain why the complex surfaces of other Kodaira dimensions
are deformation equivalent to complex surfaces with cscK metrics. The case of κ = 2
is done as an application in Arezzo-Pacard’s paper [1] by using the Aubin-Yau the-
orem [4, 41] and the fact that negative first Chern class implies the automorphism
group is discrete. Similarly, the case of κ = 0 is a result of Yau’s theorem [41] and
the fact that all holomorphic vector fields on a minimal complex surface of κ = 0
are parallel. The case of ruled surfaces, κ = −∞, is dealt with by using the result
that if a rank 2 vector bundle E is poly-stable, then the associated ruled surface
P(E) admits cscK metrics [3]. In the end, we also show that P2#kP2, k = 1, 2, is
not deformation equivalent to a complex surface with cscK metrics by showing that
the Lie algebra of holomorphic vector fields of every compact complex surface in
the deformation class is not reductive.
Although there exists no cscK metrics on any Ka¨hler class of the blow-up of P2
at one or two points, Calabi [8], Arezzo, Parcard, and Singer show [2] that there
do exist extremal Ka¨hler metrics on them, and the main theorem follows.
Acknowledgments: I would like to express my gratitude to Claude LeBrun for
suggesting this problem to me and for his great guidance and continuous encour-
agement. And I would like to thank Li Li for interesting conversations on these
topics and the referee for several useful comments on this manuscript.
2. Elliptic surfaces
In this section, we give a general description of elliptic surfaces, and discuss some
special examples: principal E-bundles and the ones without singular fibres. Then
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we introduce one important operation: logarithmic transform which we will use
later to investigate the geometric structures of elliptic surfaces.
2.1. Properties of elliptic fibrations.
Definition 2.1.1. A compact complex surface S is called an elliptic surface if there
is a surjective holomorphic map π : S → B over a smooth algebraic curve B, whose
general fibres are smooth elliptic curves. The map π is called an elliptic fibration.
Throughout this section, we only consider the case that the elliptic surface S is
minimal. That is, it contains no rational curves of self-intersection number -1.
An elliptic surface may have singular, reducible, multiple fibres. Kodaira [19] has
classified all possible fibres of an elliptic surface, which are denoted by mIk, II,III,
IV, I∗k , II
∗, III∗, and IV ∗, where k ∈ N ∪ {0}. The set of multiple fibres plays a
central role in our discussion of elliptic surfaces. And we will recall the definition
here.
Definition 2.1.2. Let π : S → B be an elliptic fibration and p ∈ B. We call
π−1(p) a multiple fibre if there exists an integer m ≥ 1 and a reduced divisor D in
S such that as a divisor π−1(p) = mD. The largest m is called the multiplicity of
the fibre.
In fact, there are only two types of multiple fibres in an elliptic surface: with m
the multiplicity and D as above, either D is a smooth elliptic curve (type mI0) or
D is a reduced cycle of n rational curves (type mIn).
Definition 2.1.3. Let π : S → B be an elliptic fibration. We say that the fibre
Fp = π
−1(p), p ∈ B, is singular if it has positive Euler number. In particular, a
multiple fibre with smooth reduction is not singular in this sense.
Except the type mI0, all other types have positive Euler numbers [40], and are
singular by our definition.
Lemma 2.1.4. A minimal elliptic surface S has nonnegative Euler number χ, and
the case χ = 0 occurs if and only if S has no singular fibres.
Proof. Let π : S → B be an elliptic fibration, Ξ ⊂ B be the set of critical values of
π, and Fb be the fibre over b, b ∈ B.
Set F =
⋃
b∈Ξ
Fb, which is a closed set in S, and we have the exact sequence
...→ Hic(S \ F,R)→ H
i(S,R)→ Hi(F,R)→ Hi+1c (S \ F,R)→ ...
where the subscript c means the cohomology with compact support. Therefore, we
deduce the relation among the Euler numbers χ(S) = χc(S \ F ) + χ(F ).
Now π : S \F → B \Σ is a topological elliptic fibre bundle with fibre E, and hence
we have χc(S \ F ) = χc(B \ Σ)χ(E) = 0. As a result,
χ(S) = χ(F ) =
∑
b∈Σ
Fb,
and the lemma follows. ✷
To each elliptic fibration, we can associate two fundamental invariants [5, 19] :
Definition 2.1.5. Let π : S → B be an elliptic fibration. We define the following
invariants associated to S:
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(1) The j-invariant (functional invariant) jS of S. Let U be the open subset
of B consisting of regular values of π. Let fS be the holomorphic map
which associate to each point b ∈ B the isomorphism class of the elliptic
curve π−1(b) ∈ C+/PSL2(Z), where C+ is the upper half plane, and j be
the biholomorphic function j : C+/PSL2(Z) → C induced by the elliptic
modular function j˜ : C+ → C. Let jS := j ◦ fS/1728 : U → C. By the
stable reduction theorem [5], jS has an extension to a holomorphic function
from B to P1.
(2) The homological invariant (global monodromy) of S, which is a sheaf GS
on the base B. Let U be the open subset of B consisting of regular val-
ues of π and i : U → B be the inclusion map. Then we define GS :=
i∗(R
1π∗Z|U). The sheaf R1π∗Z|U is locally constant, and it can be con-
structed from a representation of the fundamental group LS : π1(U, b) →
Aut(H1(π−1(b),Z)) ∼= SL2(Z) .
These two invariants are not unrelated. There is a natural compatibility between
them. From the definition, the functional invariant jS takes the value of ∞ only
at singular fibres. Let π : S → B be an elliptic fibration. Assume the functional
invariant jS is not identically 0 or 1. Let U := B \ j
−1({0, 1,∞}). Composing with
the canonical projection SL2(Z)→ PSL2(Z), the equivalence class of the represen-
tation GS : π1(U)→ SL2(Z) induces a representation G˜S : π1(U)→ PSL2(Z). On
the other hand, the elliptic modular function j˜ : C+ → C is unbranched outside
the preimage of 0 and 1. The covering j˜ : C+ \ j−1({0, 1}) → C \ {0, 1} therefore
induces an equivalence class of a representation j˜∗ : π1(C \ {0, 1}) → PSL2(Z).
Then the meromorphic function jS gives a map jS∗ : π1(U) → PSL2(Z). Making
the identification of the fibre Fb with the quotient C/Z⊕Zτ before and after going
around the loop, we see that jS∗ can be thought of as the monodromy of the period
Z⊕Zτ . But it is slightly cruder than the monodromy since it does not distinguish
±τ . The discussion gives the following commutative diagram
π1(U)
GS−−−−→ SL2(Z)
jS∗
y
y
PSL2(Z) PSL2(Z).
Definition 2.1.6. Let L : π1(U)→ SL2(Z) be an equivalence class of a represen-
tation, and h : U → C be a meromorphic function with h(u) 6= 0, 1,∞ for u ∈ U .
We say L belongs to h if it induces the representation defined by h.
Kodaira has the following result about the classification of elliptic fibrations
without multiple fibres.
Theorem 2.1.7. (Kodaira [19]) Let B be a Riemann surface, U = B \ {p1, ...pk},
and h be a meromorphic function on B with h(u) 6= 0, 1,∞ for u ∈ U .
(1) If k ≥ 1, then there are exactly 2g(B)+k−1 inequivalent homological invari-
ants L that belong to h, where g(B) is the genus of the curve B.
(2) Given h and a homological invariant L belonging to h, there exists a unique
minimal elliptic fibration f : S → B with these invariants, admitting a
section.
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(3) Let F (h, L) denote the set of all elliptic fibrations, without multiple fibres,
with given invariants h and L. Given S′ an element of F (h, L), there exist
a covering B = ∪Vi with fi : Si := f
−1(Vi) → Vi being the restriction of
f , and a cocycle ξij ∈ H
1(T ), where T is the sheaf of local holomorphic
sections of the unique elliptic surface in (2), such that S′ is obtained by
gluing the collections of Si together using the ξij. In particular, the set
F (h, L) is parameterized by the abelian group H1(T ).
Definition 2.1.8. The unique minimal elliptic surface SB, which admits the in-
variants jS and GS of π : S → B and a section, is called the basic elliptic surface
associated with S.
From Theorem 2.1.7, we see that an elliptic surface without multiple fibres is
locally isomorphic to its basic elliptic surface.
2.2. Elliptic fibre bundles.
A special case of elliptic surfaces is the total space of a holomorphic elliptic
fibre bundle π : S → B which is locally trivial. Let E be a smooth elliptic curve.
A holomorphic elliptic fibre bundle S
pi
→ B is determined by the associated class
ξ ∈ H1(B,AB) where AB is the sheaf of germs of local holomorphic maps from B
to Aut(E).
Definition 2.2.1. Let E be a smooth elliptic curve. The E-fibre bundle S
pi
→ B is
called a principal bundle if the structure group can be reduced to E.
Let S
pi
→ B be a principal E-bundle with the associated class ξ ∈ H1(B, EB),
where EB is the sheaf of germs of local holomorphic maps from B to E. The long
exact sequence induced by the universal covering sequence is written as
H1(B,Γ)→ H1(B,OB)→ H
1(B, EB)
c
→ H2(B,Γ)→ 0,
where Γ is the lattice such that C/Γ = E. Topologically, principal E-bundles are
classified by the associated Chern class c(ξ) ∈ H2(B,Γ). The Chern class c(ξ)
vanishes if and only if the principal E-bundle S → B is topologically trivial, hence
the first Betti number b1(S) = b1(B) + 2 is even. In this case, by chasing the
following diagram in cohomology
H1(B,C) −−−−→ H1(B,E) −−−−→ H2(B,Γ) −−−−→ H2(B,C)y y ∥∥∥
H1(B,OB) −−−−→ H
1(B, EB)
c
−−−−→ H2(B,Γ),
we find that the E-bundle is defined by a locally constant cocycle in H1(B,E).
On the other hand, if c(ξ) 6= 0, then the splitting E = S1 × S1 would imply the
existence of an S1-bundle X over B such that S = X × S1. Therefore the Gynsin
sequence
0 −−−−→ H1(B,Z) −−−−→ H1(X,Z) −−−−→ H0(B,Z)
δ
−−−−→ H2(B,Z) −−−−→ H2(X,Z) −−−−→ H1(B,Z) −−−−→ 0,
where δ is the multiplication with the Chern class c(ξ), tells us that b1(S) = b1(B)+
1 is odd.
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Proposition 2.2.2. Let E be a smooth elliptic curve, π : S → B be a principal
E-bundle. Then S admits cscK metrics if and only if the first Betti number b1 of
S is even.
Proof. The only if part is an immediate consequence of the Hodge decomposition for
a compact Ka¨hler manifold. To prove the if part, the above discussion tells us that
the surface S is defined over some open covering {Ui} of B by patching the pieces
Ui × E together according to some locally constant cocycle in H
1(B,E). Endow
the flat metric on E. Fix a cscK metric on the curve B (Depending on the genus of
B, it is either the Fubini-Study, flat, or hyperbolic metric.), and restrict it to each
open set Ui. Then we can see that the product metrics on all pieces Ui × E are
respected by the patching procedure since the cocycle is locally constant. Therefore
we obtain a globally defined cscK metric on the surface S. ✷
In fact, we have H1(B,E) = Hom(H1(B,Z), E) = Hom(π1(B), E) from the
universal coefficient theorem. Let ξ ∈ H1(B,E) be the locally constant cocycle
which determines the principal E-bundle S → B. Regard ξ as a homomorphism
from π1(B) to E, which acts on H×E. Then the principal E-bundle S is obtained
from the quotient of H× E by the action of ξ. In other words, the universal cover
of every principal E-bundle with even first Betti number is H × C and each deck
transformation can be expressed by (z, w) 7→ (α(z), w + t) where α(z) ∈ PSL2(Z),
and t is a constant.
Corollary 2.2.3. Let π : S → B be an elliptic fibre bundle with even first Betti
number. If the functional invariant jS is constant and the homological invariant
GS is trivial, then there exists an elliptic curve E such that π : S → B is a principal
E-bundle. In particular, S admits a cscK metric.
Proof. Since S has no singular fibre and jS is constant, all fibres are isomorphic
to some elliptic curve E. Since jS is constant and GS is trivial, the basic elliptic
surface of S is the product B ×E. Using Theorem 2.1.7, the surface S is obtained
from B × E by twisting according to some cocycle ξ ∈ H1(B, EB). Therefore S
is a principal E-bundle with even Betti number. The corollary follows then from
Proposition 2.2.2. ✷
Theorem 2.2.4. Let π : S → B be an elliptic fibration whose each fibre is smooth
and whose first Betti number b1 is even. Assume that the genus of B is at least
2. Then there exists a principal E-bundle S′ → E which is a fibre-preserving e´tale
covering of S → B.
Proof. Since S has no singular fibres, the j-invariant jS can not take the value
of ∞, therefore it is constant, and every fibre E is isomorphic. Since GS belongs
to JS , the homological invariant is equivalent to the monodromy representation
GS : π1(B)→ Zm. (Here the value of m depends on the value of jS : if jS is 0, then
m =2, 3, or 6; if jS is 1, then m= 4, or 6; if jS is 1, then m = 2 or 4; otherwise, m =
2.) Therefore there exists a connected unramified cover B′ → B of degree m such
that the pullback S′ = B′×B S is an elliptic surface over B
′ with fibre E, constant
jS′ , trivial GS′ , and even Betti number. From Corollary 2.2.3, S
′ is obtained by
twisting B′ × E according to some constant cocycle ξ′ ∈ H1(B′, E). Therefore
S′ → B′ is a principal E-bundle and by construction, it is an e´tale m-cover of S
and it is locally isomorphic to every fibre of S → B. The theorem follows. ✷
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2.3. Elliptic surfaces whose each fibre has a smooth reduction.
One crucial tool in studying the elliptic surfaces is Kodaira’s formula (see [5]
p.161) of the canonical divisor of an elliptic surface π : S → B:
KS = π
∗(KB +D) + Σ(mi − 1)Fi
where the Fi’s are the multiple fibres of multiplicity mi and D is some divisor of
B with degD = χ(OS). The formula implies that K
2
S = 0. Usually we assume
B is an orbifold with orbifold points Pi of order mi corresponding to a fibre Fi of
multiplicity mi. Let τS = χ(OS) − χ
orb(B), where χorb(B) is the orbifold Euler
number defined by
χorb(B) := χtop(B) −
k∑
j=1
(1−
1
mj
).
Using that the plurigenera Pm(S) = h
0(S,K⊗m) = mτS when m is divisible by mi
for all i and some extra thoughts, Wall [40] shows that the sign of τS determines
the Kodaira dimension of an elliptic surface.
Lemma 2.3.1. (Wall [40]) Let π : S → B be an elliptic fibration and τS be defined
as above. Then the Kodaira dimension κ of S is −∞, 0, or 1 corresponding to
τS < 0, τS = 0, or τS > 0, respectively.
Proof. See [40] Lemma 7.1. ✷
In the following, we are interested in elliptic surfaces of Kodaira dimension κ =
1, which are sometimes called properly elliptic surfaces. We will exploit some
properties of properly elliptic surfaces without singular fibres, and use them later
to construct elliptic surfaces with cscK metrics. Let us start with a feature of the
base of an elliptic fibration.
Definition 2.3.2. An orbifold Riemann surface is called good if its orbifold uni-
versal cover admits a cscK metric.
Lemma 2.3.3. Let S be a minimal elliptic surface with κ(S) = 1 and without
singular fibres. Then the base B is a good orbifold.
Proof. Using Noether’s formula, χ(OS) = 1/12(K
2
S + χ) = 1/12χ = 0. By Lemma
2.3.1, we have χorb(B) = −τS < 0. The lemma follows from Troyanov’s argument
[39] that an orbifold Riemann surface B is always good if χorb(B) ≤ 0. ✷
Smooth elliptic fibration without multiple fibres are completely classified by Ko-
daira [19]. If there are multiple fibres, we need some more work to reduce it to a
smooth fibration:
Lemma 2.3.4. (local version) Let π : S → △ be an elliptic fibration over the
unit disk △, and the fibre F0 = π
−1(0) is a multiple fibre with multiplicity n. Let
δn : △ → △ be the map z → z
n, S¯ = △×△ S be the fibre product with respect to
δn, and S
′ be the normalisation of S¯. Then S′ is a nonsingular surface with no
multiple fibre and S′ → S is an unramified cover.
Proof. Let x, y be the local coordinate on S such that π(x, y) = xn. Then the fibre
product S¯ can be expressed as
U ×△ △ = {(x, y, z)|x
n = zn}
=
⋃
ζ∈µn
Uζ ,
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where Uζ = {(x, y, ζx)|(x, y) ∈ U} ∼= U , and µn is the group of the n-th root of
unity. The normalisation S′ locally is the disjoint union of the n components Uζ,
and therefore is smooth. Identifying Uζ with U , we can define π
′ : S′ → △ by
(x, y) 7→ ζx on Uζ , which has no multiple fibre. Moreover, the group µn acts on S
′
freely by interchanging these components Uζ such that S
′/un = S. ✷
Definition 2.3.5. The fibration π′ : S′ → △ constructed in the above proof is
called the n-th root fibration of π.
Lemma 2.3.6. ([6] Lemma 6.7) Let π : S → B be an elliptic surface whose base B
is a good orbifold and whose fibres are either smooth or multiples of smooth elliptic
curves. Then there exists a branched Galois cover p1 : B
′ → B with Galois group
G, a surface S′ and a commutative diagram
S′ −−−−→ Sypi′
ypi
B′
p1
−−−−→ B
such that the action of G on B′ lifts to S′, p1 induces an isomorphism S
′/G→ S,
and every fibre of π′ is smooth.
Proof. Since B is a good 2-orbifold Riemann surface, there exists a smooth Riemann
surface B′, and a branched covering map p1 : B
′ → B with the group of deck
transformation G. We can assume p1 is a Galois cover. ( If it is not, then π1(B
′)
is not a normal subgroup of π1(B). We can then take the intersection H of all
conjugate groups of π1(B
′) in π1(B), which is a subgroup of π1(B
′) of finite index
and is normal in π1(B). Therefore there exists a further finite cover B
′′ → B′ →
B such that the group of deck transformations of B′′ over B is H , which acts
transitively on the preimage of any point on B.) Now let p1 : B
′ → B be a
Golois cover with the Golois group G. We have B′/G = B. Consider the pull-back
S¯ := B′ ×B S which has singularities at the pull-back of the multiple fibres. Let
Σ ⊆ B be the set of multiple points. Outside the fibres over Σ, there is an e´tale
cover
S¯1 := S¯ \
⋃
b∈Σ
π′−1(p−11 (b)) −→ S1 := S \
⋃
b∈Σ
π−1(b),
and the action of G lifted to S¯1 acts freely such that S¯1/G = S1. Let S
′ be the
normalisation of S¯. From Lemma 2.3.4, S′ is smooth, and the action of G lifted to
S¯′ acts on S′ freely such that S′/G = S. ✷
Theorem 2.3.7. Let S be a minimal properly elliptic surface of Ka¨hler type whose
fibres are either smooth or multiples of smooth elliptic curves. Then the universal
cover is biholomorphic to H× C, and S inherits a cscK metric from H× C.
Proof. (cf.[40]) Let π : S → B be the elliptic fibration. By Lemma 2.3.6, there
exists a smooth finite cover B′, and a branched Golois covering map p1 : B
′ → B
with Galois group G. Lift the action of G to the normalization S′ of the pullback
B′×B S, which is a smooth elliptic fibration over B
′. Then we can see that G acts
freely on S′ and the quotient S′/G = S. From Theorem 2.2.4, there is an e´tale
cover B′′ of B′ such that the pull-back surface S′′ is a principal E-bundle with even
first Betti number. That is, S′′ is obtained by twisting the trivial bundle B′′ × E
by a locally constant cocycle in H1(B′′, E). We can then see H×C is the universal
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cover of S′′, S′, and S. And the action of every deck transformation γ of H × C
over S′′ can be written explicitly as
γ(z, w) = (αγ(z), w + tγ),
where αγ ∈ PSL2(C), tγ ∈ C. So far, we have the following diagram
H× C −−−−→ S′′ −−−−→ Sy
y
y
H −−−−→ B′′ −−−−→ B
Without loss of generality, we can assume S′′ is a normal cover of S. Let H
be the group of deck transformations of H × C over S, and Γ be the group of
deck transformations of H × C over S′′. The action of Γ on H × C descends to a
discrete group Γ¯ acting on the base H and the quotient H/Σ¯ = B′′ is the base of
S′′. By theorem 2.2.2, we have that the group Γ is a subgroup of PSL2 × C and
S′′ inherits the product metric from H×C. To show S inherits the product metric
from H×C, it suffices to show that every deck transformation h ∈ H preserves the
product metric. Given h ∈ H , since all fibres of S′′ are isomorphic, and the group
of deck transformations of S′′ over S preserves the elliptic structure, we can write
the action of h ∈ H on H× C as
h(z, w) = (αh(z), ǫhw + ah(z)),
where ǫh is the k-th root of unity for k = 2, 4, or 6. For a covering transformation
h, ǫh is constant. A direct computation shows that
h−1(z, w) = (α−1h (z), ǫ
−1
h w − ǫ
−1
h ah(α
−1
h (z))),
hγh−1(z, w) = (αhαγαh−1(z), w − ah(αh−1(z)) + ǫhtγ + ah(αγαh−1(z))).
It follows that ah(αγ(z)) − ah(z) = thγh−1 − ǫhtγ is a constant. For a fixed h,
the cocycle {thγh−1 − ǫhtγ} ∈ Hom(π1(B
′′),C) ∼= H1(B′′,C) defines a principal
C-bundle X over B′′, for which ah(z) defines a section. Therefore the principle
C-bundle is trivial, and thγh−1 − ǫhtγ = 0. It follows that the holomorphic function
ah(z) is constant on the orbits of Γ¯, and can be regarded as a holomorphic function
of the compact surface B′′. Thus ah(z) is constant. This concludes the proof. ✷
2.4. Logarithmic transform.
Logarithmic transform is an important operation introduced by Kodaira [19]. It
enables us to replace a smooth fibre in an elliptic fibration by a multiple fibre. (For
more details see [16], Chap. 4.5). Let π : S → B be an elliptic fibration over a
smooth curve B. Let U ⊂ B be an open neighborhood of p ∈ B, E0 be the smooth
fiber over p. Choose some local coordinate z with z(0) = p. Denote Σ := π−1(U).
For every m ∈ N, consider the diagram
Σ˜ −−−−→ Σyp˜i
ypi
U˜
φ
−−−−→ U
where φ is a cyclic cover of degree m given by z˜ 7→ z˜m, and Σ˜ = φ∗Σ = U˜ ×U Σ.
Let Λ(z) be a family of lattices such that Σ = U ×C/Λ(z), then Σ˜ = U˜ ×C/Λ(z˜m).
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Let β(z) be a local m-torsion section of Σ→ U and G ∈ Aut(Σ˜) be the cyclic group
generated by
(z˜, t) 7→ (e
2pi
√−1
m z˜, t+ β(z˜m)) mod Λ(z˜m).
Denote Σ′ := Σ˜/G. We then have an isomorphism α : Σ′\(φ∗E0/G) ∼= Σ\E0, where
E0 = π
−1(p). By setting S′ = (S\E0)
⋃
αΣ
′, we get an elliptic fibration S′ → B,
which is isomorphic to S away from E0 and has a multiple fibre with reduction
isomorphic to E0/G of multiplicity m over p.
Since we simply remove T 2×D2(≈ Σ) and glue it back in (as Σ′) with a different
fibration, we can reformulate the logarithmic transformation in the following way:
Consider an elliptic surface π : S → C and fix a generic fibre π−1(t) = F . We
denote a closed tubular neighborhood of the fibre F in S by Σ¯ with the interior Σ;
Σ¯ is diffeomorphic to T 2×D2. Deleting the interior Σ from S and regluing T 2×D2
via a smooth map φ : T 2 × S1 → Boundary(S \ Σ) with multiplicity m, we get a
new manifold S′. The diffeomorphism type of the resulting manifolds depends on
the multiplicity of m of the map φ.
A remark here is that the process of logarithmic transform is quite violent.
A non-algebraic surface may be obtained from an algebraic one by a logarithmic
transform, and vice versa.
3. A construction of elliptic surfaces of cscK metrics
In this section, we construct elliptic surfaces with cscK metrics.
3.1. Arezzo-Pacard Theorem and some results.
The main tool we will use is the following remarkable theorems 3.1.1, 3.1.2
by Arezzo-Pacard [1]. Kronheimer [21] has shown that there exist asymptotically
locally Euclidean resolutions of singularities of the type C2/Γ, where Γ is a finite
subgroup of SU(2). Arezzo and Pacard [1] glue this resolution to an orbifold with
isolated singularities of local model C2/Γ, which has no nontrivial holomorphic
vector fields, study the partial differential equations arising from the perturbation
of the Ka¨hler forms suggested in [24], and they succeed constructing cscK metrics
on the resulting desingularisation. This is a major breakthrough in the construction
of manifolds with cscK metrics, and we state their results here.
Theorem 3.1.1. (Arezzo, Pacard [1]) Let M be a compact cscK manifold. As-
sume there are no nontrivial holomorphic vector fields that vanish somewhere on
M . Then, given finitely many points p1, p2, ..., pn on M , the blow-up of M at
p1, p2, ..., pn carries a cscK metric.
Theorem 3.1.2. (Arezzo, Pacard [1]) Let M be a compact 2-dimensional cscK
orbifold with isolated singularities. Assume there are no nontrivial holomorphic
vector fields on M . Let p1, p2, ..., pn be finitely many points on M , each of which
has a neighborhood biholomorphic to C2/Γj, where Γj is a finite subgroup of SU(2).
Then the minimal resolution of M at p1, p2, ..., pn carries cscK metrics.
The first result we obtain by applying Arezzo-Pacard Theorem 3.1.1, 3.1.2 is
that an elliptic surface obtained by blowing up a minimal properly elliptic surface
of Ka¨hler type, which has no singular fibres, at finitely many points admits cscK
metrics.
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Proposition 3.1.3. Let S be a minimal properly elliptic surface of Ka¨hler type,
which has no singular fibres. Then every nontrivial holomorphic vector fields on S
has no zeros.
Proof. By Lemma 2.3.3, the assumption implies the base B is a good orbifold.
Let h(S) be the algebra of holomorphic vector fields. Let ζ ∈ h(S) be nontrivial.
Since the base B is a 2-orbifold with χorb(B) < 0, ζ is vertical. By Theorem 2.3.7,
H×C is the universal cover of S. Thus ξ can be lifted to a holomorphic vector field
ζ˜ = f(z) ∂∂w on H×C, where f is a holomorphic function on H, z is the coordinate
of H, and w is the coordinate on C. Since f is invariant under the action of π1(B),
it defines a holomorphic function on B, and is constant. Therefore we conclude
that ζ is induced by c ∂∂w , which is everywhere nonzero. ✷
Corollary 3.1.4. Let S be a minimal properly elliptic surface of Ka¨hler type, which
has no singular fibres. Then every surface obtained by blowing up S at finitely many
points admits cscK metrics.
Proof. The corollary follows from Arezzo-Pacard Theorem 3.1.1 and Proposition
3.1.3. ✷
3.2. The construction of elliptic surfaces with cscK metrics.
Recall that for a minimal elliptic surface S, using Noether’s formula, we have
χ(OS) = 1/12(K
2
S + χ) = 1/12χ. Therefore, the Euler number χ(S) is always a
multiple of 12.
Lemma 3.2.1. Let χ be a positive multiple of 12, g be a nonnegative integer. Then
there exists a smooth compact Riemann surface (Σg′ , J) of genus g
′ := 112χ+2g−1,
which admits an isometric holomorphic involution ψ with 16χ fixed points.
Proof. When g′ is at least 2, such a surface (Σg′ , J, ψ) exists due to Thurston’s
pants decomposition [32] of a Riemann surface Σg′ , which states that a hyperbolic
Riemann surface R of genus l always contains 3l − 3 simple closed geodesics such
that cutting R along these geodesics decomposes R into 2g − 2 pairs of pants, and
the fact that for any pair of pants, the length of boundaries provide the coordinates
for Teichmu¨ller space, and can be chosen arbitrarily. When g′ = 0, 1, this involution
ψ amounts to a 180◦ rotation of S2 about an axis, or the Weierstrass involution of
a torus. ✷
This lemma tells us that given two numbers χ = 12d > 0, and g ≥ 0, there exists
a Riemann surface of genus g′ = 112χ+g−1, and it admits a holomorphic surjective
holomorphic map Σg′ → B of degree 2, where B is a Riemann surface of genus g.
Our goal is to construct an elliptic surface with Euler number χ, base curve B
of genus g and k multiple fibres of multiplicities m1,m2, ...,mk, respectively, where
the numbers χ, g, k and m1,m2, ...,mk are given.
Now let E = C/Γ be a fixed elliptic curve, and φ : E → E be the Weierstrass
involution, which is an isometry with respect to the flat metric on E with 4 fixed
points. Let Sˆ be the product Σg′ × E. Choose arbitrarily k points P1, P2, .., Pk on
Σg′ outside the fixed points of Ψ. Let Qi := ψ(Pi) ∈ Σg′ . Apply the logarithmic
transformation of order mi = ni at theses 2k points Pi, Qi, where i = 1, ..., k. Let
S be the resulting surface. The involution ψ × φ on the product Σg′ × E can be
extended to an involution ι on S, which has 23χ fixed points.
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.
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m1 m2
mk
1/12χ − 1 holes
m1 m2 mk
(c) g = 0, χ ≥ 24
.
.
.
.
.
.
m2
m1
m1
m2 m3
m3
(d) g = 0, χ = 12
From the construction, S → Σg′ is an elliptic fibration with 2k multiple fibres.
Now take the quotient of S by the action of ι. The resulting surface S′ = S/Z2
is singular and has 23χ ordinary double points. Let S
′′ be a minimal resolution,
which is obtained by replacing each singular point by a (−2)-curve. we can see that
S′′ → B is an elliptic fibration with k multiple fibres of orderm1, ...,mk respectively.
Proposition 3.2.2. The elliptic surface S′′ constructed above has Euler charac-
teristic number χ.
Proof. Recall from the construction that the 23χ double points come from the fixed
points of ι, and they are locally modeled by C2/Z2. To resolve the singularities,
we take the blow-up S˜ of S at the 23χ double points, and extend the map ι to an
automorphism ι˜ of S˜, then S′′ = S˜/Z2 is the nonsingular complex surface obtained
by replacing each double point with a (−2)-curve. Let p1 : S˜ → S
′′, and p2 : S˜ → S
be the quotient map and the blow-down, respectively.
S
p2
←−−−− S˜
p1
−−−−→ S′′y
y
y
Σg′ Σg′ −−−−→ B
We claim that the irregularity q := h0(S′′,Ω1S′′) = g : If η is a nonzero holomorphic
1-form on S′′, then p∗1η is a holomorphic 1-form on S˜ invariant under ι˜. Since
H0(S,Ω1S) → H
0(S˜,Ω1
S˜
) is an isomorphism by Hartog’s extension theorem, there
exists a 1-form ξ on S invariant under ι, such that p∗2(ξ) = p
∗
1(η). Since S is
an elliptic surface without singular fibres, its universal cover is H × C, and we
know that every holomorphic 1-form on S comes from either the base Σg′ or the
fibre. However, since φ∗dz = −dz on the elliptic curve E, the only 1-forms on S
invariant under ι are induced from holomorphic 1-forms of Σg′ invariant under ψ.
That is, q = dimC{ω ∈ H
0(Σg′ ,Ω
1)|ψ∗ω = ω}. Since every holomorphic 1-form
on Σg′ invariant under the action of ψ corresponds to a holomorphic 1-form on
Σg′/ψ = B, we conclude that q = g. Using similar argument as above, we can also
show pg = 1/12χ+1+ g : the only holomorphic 2-forms on S invariant under ι are
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induced from the exterior product of holomorphic 1-forms of E and those of Σg′ .
Because φ∗dz = −dz, we can take ”anti-symmetric” 1-forms on Σg′ , i.e. ψ
∗ω = −ω.
Since every 1-form on S can be decomposed as the sum of a symmetric 1-form and an
anti-symmetric one, we have pg = h
0(Σg′ ,Ω
1)−g = ( 112χ+2g−1)−g =
1
12χ+g−1.
From Noether’s formula, we can therefore compute the Euler number of S′′ as
12χ(OS′′)−K
2
S′′ = 12(h
0(OS′′)− h
1(OS′′) + h
2(OS′′))− 0
= 12(1− g + ( 112χ+ g − 1))
= χ ,
where the first equality holds since S′′ is minimal. ✷
Proposition 3.2.3. Let S′′ be an elliptic surface constructed above. If S′′ has even
first Betti number b1, then S
′′ admits cscK metrics.
Proof. Since S′′ has even first Betti number, it admits a Ka¨hler form ω. Note
that the pullback form p∗1ω is positive semi-definite on S˜, which is degenerate on
the exceptional divisors. Consider the Eguchi-Hanson metric on the total space
of O(−1). By gluing the Ka¨hler potentials carefully, we can get a Ka¨hler form
ω˜ on S˜, therefore the first Betti number b1(S˜) is even. Because blowing up at
points does not change the first Betti number, b1(S) is even too. Therefore S is a
minimal properly elliptic surface of Ka¨hler type, which has no singular fibres. By
Theorem 2.3.7, S admits cscK metrics. Furthermore, the involution ι : S → S is
an isometric automorphism. This gives S′ = S/ι an cscK orbifold metric. In view
of Arezzo-Pacard Theorem 3.1.2, to show that the minimal resolution S′′ admits
a cscK metric, it suffices to show that there are no nontrivial holomorphic vector
fields on the orbifold S′: If ζ′ is a holomorphic vector field on S′, it can be lifted
to a holomorphic vector field ζ on S, which is invariant under the action of ι, and
ζ has zeros at the fixed points of ι. By Proposition 3.1.3, h(S) consists of only
parallel holomorphic vector fields. Therefore ζ is trivial, and so is ζ′. ✷
Proposition 3.2.4. Let S′′ be an elliptic surface constructed as above. If S′′ has
even first Betti number b1, then S
′′ admits no nontrivial holomorphic vector fields.
In particular, every blow-up of S′′ at finitely many points admits a cscK metric.
Proof. Let ζ ∈ h(S′′) be a holomorphic vector field. The vector field ζ restricted to
the (−2)-curves is tangent to these curves, therefore ζ can be lifted to a holomorphic
vector field ζ˜ on S˜, which is invariant under ι˜. Let p2 : S˜ → S be the natural blow-
down map. By Hartog’s extension theorem, the push-forward p2∗ζ˜ is well-defined
holomorphic vector field on S which vanishes at all fixed points of ι. As we have
shown in the proof of Theorem 3.2.3, b1(S) is even. Therefore, S is a Ka¨hler type
minimal elliptic surface with κ(S) = 1 and has no singular fibres. By Proposition
3.1.3, p2∗ζ˜ can only be parallel, and therefore it vanishes everywhere. The last
statement follows from a direct application of Arezzo-Pacard Theorem 3.1.1. ✷
4. compact complex surfaces and cscK metrics
In this section, we will show that every complex surface, which is not in the
deformation class of P2#kP2, k = 1 or 2, with b1 even is deformation equivalent to
a surface which admits cscK metrics. We will proceed with the help of classification
theorem of compact complex surfaces: Let S be a complex surface, and KS be
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the canonical line bundle. We can define the pluri-canonical map ιK⊗k
S
: S →
P(H0(S,K⊗kS ))
∗, which is a rational map, not defined at the base locus of the
linear system |K⊗kS |. The Kodaira dimension κ of S is defined to be the maximal
dimension of the image ιK⊗k
S
(S) for k ≥ 1. Recall the definition of deformation
equivalence first:
Definition. Two smooth compact complex manifolds M,N are said to be defor-
mation equivalent or of the same deformation type if there exist connected reduced
complex spaces X and T , and a proper holomorphic submersion Φ : X → T , to-
gether with points t1, t2 ∈ T such that for each t ∈ T , Mt := Φ
−1(t) is a compact
complex submanifold, and Φ−1(t1) =M , Φ
−1(t2) = N .
Since we consider only the reduced spaces, an equivalent definition would be
to assume that T consists of finitely many irreducible components, each of which
is smooth (and which can be taken to be a disk in C). Let S1 and S2 be two
deformation equivalent surfaces, and let S˜1 and S˜2 be the blow-ups of S1 and S2 at
r points. A straightforward argument shows that S˜1 and S˜2 are again deformation
equivalent.
4.1. Kodaira dimension κ = 2.
A complex surface S in this case is said to be of general type. Since we have
c21(K) > 0, every minimal surface of general type is projective. For a minimal sur-
face of general type, ιK⊗k
S
is a globally defined map for k ≥ 5, and it is an embedding
away from some smooth rational −2 curves. The image of these curves are isolated
singular points with local structure group Γ, where Γ is a finite subgroup of SU2
(see [5]). One can get the pluricanonical model X = ιK⊗k
S
(S) by collapsing these
(−2)-curves. If M has no (−2)-curves, it has negative first Chern class c1(M), and
Aubin-Yau Theorem [4, 41] asserts that every manifold with negative first Chern
class admits a Ka¨hler-Einstein metric. Otherwise, Kobayashi [18] has shown that
the pluricanonical model X admits a Ka¨hler-Einstein orbifold metric of negative
scalar curvature by extending Aubin’s proof of the Calabi conjecture. Along with
the fact that a complex manifold of general type has no nontrivial holomorphic vec-
tor fields, a direct application of Arezzo-Pacard Theorem 3.1.1 gives the following
result.
Theorem 4.1.1. (Arezzo-Pacard [1]) Every compact complex surface of general
type admits cscK metrics.
proof. See [1] Corollary 8.3. ✷
4.2. Kodaira dimension κ = 1.
Every complex surface S in this case is a properly elliptic surface. Since an elliptic
curve has Euler number χ = 0, the Euler characteristic number of an elliptic surface
S is given by the sum of those of singular fibres. In particular, χ(S) ≥ 0 and the
equality holds if and only if there are no singular fibres.
Now we introduce the following classification of the deformation types of elliptic
surfaces with singular fibres.
Theorem 4.2.1. Two elliptic surfaces with positive Euler numbers are deformation
equivalent (through elliptic surfaces) if and only if they have the same Euler numbers
and their base orbifolds are diffeomorphic.
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Proof. See [11] Chap.1 Theorem 7.6 . ✷
Theorem 4.2.2. A properly elliptic surface of Ka¨hler type is deformation equiva-
lent to a compact complex surface with cscK metrics.
Proof. Let Sˇ be the minimal model of S. If χ(Sˇ) = 0, then Sˇ is a minimal properly
elliptic surface of Ka¨hler type which has no singular fibres. This is done in Theorem
3.1.3. If χ(Sˇ) > 0, a direct application of Theorem 4.2.1 shows that Sˇ is deformation
equivalent to one of the elliptic surfaces we constructed in Section 3. Therefore by
Proposition 3.2.4, S admits cscK metrics. ✷
4.3. Kodaira dimension κ = 0.
Minimal compact complex surfaces of Ka¨hler type with Kodaira dimension κ = 0
consist of Enrique surfaces, K3 surfaces, bielliptic surfaces, and Abelian surfaces.
Although not all of them are projective, they all admits Ka¨hler metrics. Moreover,
each of them has a vanishing real first Chern class. A direct application of the fol-
lowing celebrated theorem by Yau [41] implies that every compact Ka¨hler manifold
with vanishing real first Chern class admits a Ricci-flat Ka¨hler-Einstein metric.
Theorem 4.3.1. (Yau [41]) Let M be a compact Ka¨hler manifold with Ka¨hler form
ω, and c1(M) be its real first Chern class. Then every closed real 2-form of (1,1)-
type belonging to the class 2πc1(M) is the Ricci form of one and only one Ka¨hler
metric in the Ka¨hler class [ω].
Since every holomorphic vector field on a Ricci-flat Ka¨hler manifold is parallel,
there is no obstruction on the application of Arezzo-Pacard Theorem 3.1.2, and we
can reach the following result.
Theorem 4.3.2. Let S be a compact complex surface of Ka¨hler type and of Kodaira
dimension κ = 0. Then S admits cscK metrics.
4.4. Kodaira dimension κ = −∞.
In this case, S is called a ruled surface. A minimal ruled surface is either a geo-
metrically ruled surface or the complex projective plane P2. If S is a geometrically
ruled surface, then there exists a holomorphic rank two vector bundle V over a
curve C such that S is isomorphic to the associated P1-bundle P(V ). Two vector
bundles V , V ′ over C give isomorphic ruled surfaces if and only if V ′ = V ⊗ L for
some holomorphic line bundle L over C. It follows that c1(V ) mod 2 is a holomor-
phic invariant of S. In addition, given rank two vector bundles V and V ′ over the
same curve C, if c1(V ) ≡ c1(V
′) mod 2, then the resulting surfaces P(V ) and P(V ′)
are deformation equivalent [11]. Let π : S = P(V ) → C be the ruling, σ0 be the
class of a holomorphic section of π (it always exists!), and f be the class of a fibre of
π. We can see {σ0, f} is a basis of H
2(S,Z) and σ20 ≡ c1(V ) mod 2. Moreover, the
intersection pairing on H2(S,Z) is even if c1(V ) ≡ 0 mod 2 and is odd if c1(V ) ≡ 1
mod 2. In particular, the deformation equivalence class of a geometrically ruled
surface π : S = P(V )→ C is determined by the genus g(C) of C and c1(V ).
For every Riemann surface C of genus g ≥ 2, we shall show that in each de-
formation class of geometrically ruled surfaces π : S → C, there exists one which
admits cscK metrics. The justification splits into two parts:
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4.4.1. c1(V ) = 0 mod 2.
Let C be a Riemann surface with the hyperbolic metric, π1(C) := 〈a1, b1, ..., ag, bg :
[a1, b1][a2, b2]...[ag, bg] = 1〉 be the fundamental group of C, and g
FS be the (multi-
ple of) Fubini-Study metric with scalar curvature 1 on the complex projective line
P1. Define the representation ρ : π1(C)→ SU(2)/Z2 by
ρ(a1) = ρ(b1) :=
[(
i 0
0 −i
)]
,
ρ(a2) = ρ(b2) :=
[(
0 i
i 0
)]
,
and ρ(aj) = ρ(bj) := [id] for j 6= 1, 2. Then π1(C) acts isometrically on H × P1,
and the quotient
S := H×ρ P
1 = H× P1/π1(C)
inherits a Ka¨hler metric g of constant scalar curvature s = −1 + 1 = 0.
Proposition 4.4.1. The surface S defined above is deformation equivalent to the
trivial product C × P1, and it has no nontrivial holomorphic vector fields.
Proof. To prove the first statement, we construct a family of surfaces defined by
the following representations ρt : π1(C)→ SU(2)/Z2:
ρt(a1) = ρt(b1) =
[(
eit 0
0 e−it
)]
,
ρt(a2) = ρt(b2) =
[(
cost eitsint
−e−itsint cost
)]
,
and ρt(aj) = ρt(bj) = [id] for j 6= 1, 2. Let St = H ×ρt P
1. This defines a family
of geometrically ruled surfaces in the same deformation class with S0 = C × P1
and Spi/2 = S. To show the algebra h(S) of holomorphic vector fields consists of
only the zero vector field, we first notice that the action of π1(C) by ρ fixes no
points of P1 by direct computation. Since a Riemann surface with genus g ≥ 2
admits no nontrivial holomorphic vector fields, every holomorphic vector field ξ on
S is vertical. In particular, ξ has zeros and is nonparallel. Since S carries a scalar
flat Ka¨hler metric, the algebra h0 of nonparallel holomorphic vector fields is the
complexification of the Lie algebra of nonparallel killing fields. Lift ξ to a vertical
holomorphic vector field ξ˜ on H × CP1, so ξ˜ ∈ su2, which is invariant under the
action of π1(C). This action of π1(C) is given by composing the representation
π1(C) → SU2/Z2 with the adjoint action of SU2/Z2 on its Lie algebra. Since the
adjoint action of SU2/Z2 on its Lie algebra coincides with the action of SO3 on R3,
every nonzero π1(C)-invariant vector field ξ˜ defines an invariant point on S
2 ∼= P1.
Therefore ξ˜ = 0, and ξ is trivial. ✷
4.4.2. c1(V ) = 1 mod 2.
Definition 4.4.2. Let (M,J, ω) be a Ka¨hler manifold of complex dimension n. The
slope of a holomorphic vector bundle E over M of rank r is the number
µ(E) :=
1
r
∫
M
c1(E) ∧ ω
n−1.
Definition 4.4.3. Let (M,J, ω) be a Ka¨hler manifold. A holomorphic vector bundle
is said to be stable if µ(F ) < µ(E) for any proper sub-bundle F ⊂ E.
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Definition 4.4.4. A vector bundle E is said to be polystable if it decomposes as a
direct sum of stable vector bundles with the same slope.
In [3], Apostolov and Tonnesen-Friedman have shown that a complex geometri-
cally ruled surface M = P(V ) over a Riemann surface C, where V is a holomorphic
rank 2 vector bundle over C, admits cscK metrics if and only if the bundle V is
polystable.
Theorem 4.4.5. Let C be a curve of genus at least 1. Let O(p) be the line bundle
over C associated with the divisor of a point p ∈ C. Then every nontrivial extension
V of O(p) by O is stable.
Proof. (See [12].) Let V be a nontrivial extension of the form
0→ O → V → O(p)→ 0.
(It exists since H1(C,O(−p)) = H0(C,Ω1(p)) 6= 0 if C has genus at least 1.) The
normalized degree µ(V ) is 1/2. We need to show that for every subline bundle L
of V , µ(L) = degL is less than or equal to zero. If the composite map L → O(p)
is zero, then L is contained in O, and degL ≤ 0 < µ(V ). Otherwise, the map
L → O(p) is nonzero. Thus, L−1 ⊗ O(p) has a nonzero section, which implies
degL ≤ 1. In particular degL = 1 if and only if L ∼= O(p), and the exact sequence
splits, contrary to the hypothesis. Therefore, we also have degL ≤ 0 < µ(V ). This
completes the proof. ✷
Theorem 4.4.6. Let C be a curve of genus at least 1. Let O(p) be the line bundle
over C associated with the divisor of a point p ∈ C. Then the projectivization
S := P(V ) of every nontrivial extension V of O(p) by O admits no nontrivial
holomorphic vector fields which vanish somewhere on S.
Proof. First consider the case that C has genus at least 2. Let S := P(V ) be
the projectivization of V , and π : S → C be the canonical projection. Denote by
Aut(V ) the automorphism of V over C, by Aut(C) the automorphism group of C,
and AutC(S) denotes the automorphism group of S over C. That is, AutC(S) =
{σ ∈ Aut(S)|πσ = π}. Since C is an irrational curve, there is an exact sequence
1→ AutC(S)→ Aut(S)→ Aut(C).
It is well known that every Riemann surface C of genus at least 2 has a discrete
automorphism group. Therefore to show that S admits no nontrivial holomorphic
vector fields, it suffices to show the group AutC(S) is discrete. The relation between
Aut(V ) and AutC(S) can be found in [17], which states that one has the following
exact sequence of groups
1→ Aut(V )/Γ(C,O∗)→ AutC(S)→△→ 1,
where Γ(C,O∗) is the group of global holomorphic sections of the sheaf O∗ over
C, and △ := {L|L → C is a holomorphic line bundle satisfyingV ⊗ L = V } is a
subgroup of 2-torsion part of the Jacobian variety of C, hence △ is discrete. In the
case that V is indecomposable, Maruyama [29] shows that
Aut(V ) =
{(
α s
0 α
)
|α ∈ Γ(L∗ ⊗ L) = C∗, s ∈ Γ(C, (det V)−1 ⊗ L2)
}
,
where L is a maximal sub-bundle of V . From the proof of Theorem 4.4.5, we
know the line bundle (det V)−1⊗L2 has negative degree, and admits no nontrivial
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holomorphic sections. This implies Aut(V ) = C∗ = Γ(C,O∗), hence AutC(S) = △
is discrete.
If the curve C has genus 1, that AutC(S) is discrete can be shown by the same
argument. It implies that there exists no vertical holomorphic vector fields on
S = P(V ). Let ξ be a holomorphic vector field on S. Since S is a fibration with
every fibre smooth and compact, ξ projects to a holomorphic vector field ξ¯ on C,
which can only be parallel. Therefore ξ vanishes nowhere. ✷
Corollary 4.4.7. Let S be a ruled surface over a curve C of genus at least 1, then
S is deformation equivalent to a compact complex surface which admits a cscK
metric.
Proof. First assume that S is minimal. Since the deformation equivalence class of S
is determined by genus g(C) of C and c1(V ), S is deformation equivalent to either
the surface we constructed in section 4.4.1, the trivial bundle T × P1 over a torus,
or the projectivization of the nontrivial extension of O(p) by O. By Theorem 4.4.1
and 4.4.5, each of them admits cscK metrics. If S is non-minimal, S is deformation
equivalent to the blow-up of the surface we constructed in Section 4.4.1 or the
projectivization of the nontrivial extension of O(p) by O. Each of them admits
no nontrivial holomorphic fields by Theorem 4.4.1 and 4.4.6. Therefore a direct
application of Arezzo-Pacard Theorem 3.1.1 gives us the conclusion. ✷
The remaining case is the ruled surfaces over a rational curve P1. First, assume
the surface S over P1 is minimal. Then S is either P2,P1×P1, or P(O⊕O(k)), where
k ∈ N. The first two cases admit cscK metrics due to the existence of Fubini-Study
metric on projective space. Denote P(O ⊕ O(k)) by Fk, then F1 is isomorphic to
the one point blow-up of P2, and Fk is deformation equivalent to Fk′ if and only
if k ≡ k′(mod 2). Since the automorphism group of P2 is PGL3(C), if X is the
blow-up of P2 at more than 3 points in general position, then the automorphism
group of X is trivial.
Proposition 4.4.8. Let S be a compact complex rational surface. Suppose S is
not deformation equivalent to P2#kP2, where k = 1, 2. Then S is deformation
equivalent to a complex surface with cscK metrics.
Proof. The assumption implies that S is either P2, or deformation equivalent to
P1 × P1, or P2#kP1, where k ≥ 3. In the first two cases, the Fubini-Study metric
and the product of Fubini-Study metrics provide a cscK metric. If S is the blow-
up of P2 at k points, where 3 ≤ k ≤ 8, Tian and Yau [36] have shown that S
admits a Ka¨hler-Einstein metric. If X is the blow-up of P2 at more than 4 points in
the general position, then the automorphism group Aut(X) is discrete. Therefore a
direct application of Arezzo-Pacard Theorem 3.1.1 shows that X = P2#kP2 admits
a cscK metric whenever k ≥ 4. ✷
4.5. Non-existence case.
In this subsection, we will show that P2#kP2, k = 1, 2, is not deformation
equivalent to any complex surface with cscK metrics. Since the deformation class
of P2#P2 consists exactly of Hirzebruch surfaces Fk = P(O ⊕ O(k)), where k is
odd, it suffices to show the Lie algebra of holomorphic vector fields h of Fk is not
reductive whenever k > 0.
COMPACT COMPLEX SURFACES AND CSCK METRICS 19
Definition 4.5.1. We say a Lie algebra G is reductive if it is the direct sum of an
abelian and a semisimple Lie algebra.
Recall the theorem of Lichnerowicz and Matsushima [25, 27] tells us that a
compact Ka¨hler manifold (M,J) whose identity component Aut0(M,J) of the au-
tomorphism group is not reductive does not admit any cscK metric.
Theorem 4.5.2. (Lichnerowicz-Matsushima [25, 27]) Let (M,J) be a compact
manifold with cscK metrics. Then the Lie algebra h(M) of holomorphic vector
fields decomposes as a direct sum
h(M) = h′(M)⊕ a(M)
where a(M) is the abelian subalgebra of parallel holomorphic vector fields, and h′(M)
is the subalgebra of holomorphic vector fields with zeros. Furthermore, h′(M) is the
complexification of the killing fields with zeros. In particular, h(M) is a reductive
Lie algebra.
Let E = O ⊕O(k), Fk = P(E) be the projectivization, and π : Fk → P1 be the
holomorphic ruling. Let h(M) be the Lie algebra of the holomorphic vector fields.
Then we have the algebra homomorphism φ : h → sl2(C), and the following exact
sequence:
0→ h⊥ → h
φ
−→ sl2(C),
where h⊥ denotes the algebra of all vertical holomorphic vector fields. Here we use
”vertical” to mean they are tangent to the fibres.
Lemma 4.5.3. The algebra homomorphism φ : h→ sl2(C) is surjective.
Proof. Given a holomorphic vector field ξ ∈ h(P1), the generated automorphism
group ht = exp(tξ) ∈ Aut(P1) = PGL2(C) = SL2(C)/Z2 can be lifted to a family of
linear automorphism group h˜t ∈ SL2(C) on C2, which fixes the origin O, and h˜0 =
identity. Using that O(−1) is the one point blow-up of C2 at the origin and apply
Hartog’s extension theorem, the derivative ξ˜ = ∂h˜t∂t |t=0 represents a holomorphic
vector field on O(−1) such that p∗ξ˜ = ξ, where p : O(−1) → P1 is the natural
projection. Since O(1) is the dual of O(−1), O(k) is the tensor product of k copies
of O(1), and O ⊕ O(k) is the direct sum of bundles O and O(k), we deduce that
the family ht on P1 induces a family of automorphisms h˜t on E = O ⊕O(k) such
that the following diagram commutes.
E
h˜t−−−−→ Ey y
P1
ht−−−−→ P1.
Since h˜t restricted to each fibre is linear, it induces a family of infinitesimal au-
tomorphisms on Fk = P(E), and a holomorphic vector field ξˆ ∈ h(Fk) such that
π∗ξˆ = ξ. ✷
Recall the exact sequence of groups found by Grothendieck [17]:
1→ Aut(V )/Γ(C,O∗)→ AutC(S)→△→ 1,
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where △ is a discrete subgroup of Picard group. Assume k > 0. We have
Aut(E) = Γ(P1, E ⊗ E∗)
= C⊕ C⊕⊙kV,
where V = C2, and ⊙kV = {b0Zk0 +b1Z
k−1
0 Z1+b2Z
k−2
0 Z
2
1+...+bkZ
k
1 |b0, b1, ..., bk ∈
C} is the set of homogeneous polynomials of degree k. Using the decomposition
E = O ⊕O(k), we can write
Γ(E ⊗ E∗) =
(
a 0
b c
)
where a, c are constants, and b ∈ ⊙kV . The group multiplication is given by(
a 0
b c
)
·
(
a′ 0
b′ c′
)
=
(
aa′ 0
ab′ + bc′ cc′
)
.
Observe that aI, a ∈ C induces the identity map on P(E). We can then identify the
fibre-preserving automorphism group of Fk with the group{(
1 0
b c
)
| c ∈ C, b ∈ ⊙kV
}
.
The Lie algebra h⊥ of vertical holomorphic vector fields may be visualized as the
set of {(
0 0
∗ ×
)}
,
where × stands for an arbitrary complex number, and ∗ stands for an arbitrary
homogeneous polynomial with degree k in the variables z1, z2. A direct computation
shows that the center of h⊥ is trivial, and [h⊥, h⊥]   h⊥. Therefore, h⊥ is not
reductive.
Theorem 4.5.4. h is not reductive. In particular, Fk admits no cscK metrics
whenever k > 0.
Proof. Suppose that h is reductive. We claim that Z(h) ⊂ Z(h⊥), where Z(h), Z(h⊥)
denote the centers of h and h⊥, respectively. In particular, Z(h) = 0. Recall that
we have the exact sequence of Lie algebras
0→ h⊥ → h
φ
−→ sl2(C)→ 0.
Given h ∈ Z(h), [h, h′] = 0 for any h′ ∈ h implies [φ(h), φ(h′)] = 0 in sl2(C).
Therefore φ(h) is in the center of sl2(C), which is trivial. It follows that h is in h⊥,
so h ∈ Z(h⊥). Since h is reductive, and h⊥ is a subideal of h, there exists a subideal
h˜ of h such that h = h⊥ ⊕ h˜. Therefore we have
h⊥ ⊕ h˜ = h
= [h, h]⊕ Z(h)
= [h⊥ ⊕ h˜, h⊥ ⊕ h˜]
= [h⊥, h⊥]⊕ [h˜, h˜].
This implies h⊥ = [h⊥, h⊥], which is the contradiction. ✷
Next we consider the deformation class of P2#2P2. Every compact complex
ruled surface S deformation equivalent to P2#2P2 can be realized as a one point
blow-up of a Hirzebruch surface Fk at p for some point p ∈ Fk, k ∈ N. Denote
the surface Fk#P2 by S. Then the Lie algebra h(S) of holomorphic vector fields
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on S is isomorphic to the Lie algebra h′(Fk) of holomorphic vector fields vanishing
at the point p, i.e. h(S) = h′(Fk) = {X ∈ h(Fk)|X(p) = 0}. Consider the algebra
homomorphism π∗ : h(S) → sl2(C) composed by h(S) → h(Fk) and h(Fk)
φ
−→
sl2(C). Let g be the image of π∗. Then g is the Lie algebra of the subgroup of
SL2(C) fixing the point π(p). Without loss of generality, we can assume π(p) = [1 :
0] ∈ P1.
Theorem 4.5.5. h(S) is not reductive. In particular, Fk#P2 admits no cscK
metrics if k ≥ 0.
Proof. Suppose h(S) = h′(Fk) = h
′ is reductive. Then
g = π∗h
′
= π∗([h
′, h′]⊕ Z(h′))
= [π∗h
′, π∗h
′] + π∗Z(h
′)
≤ [g, g] + Z(g).
This is absurd since g =
{(
a b
0 −a
)
|a, b ∈ C
}
has trivial center, and [g, g] ={(
0 ∗
0 0
)
|∗ ∈ C
}
. ✷
Recently, Arezzo, Pacard, and Singer [2] have shown that there exists extremal
metrics on the one or two points blow-up of P2#kP2. The following corollary follows
immediately from their result and Proposition 4.4.8.
Corollary 4.5.6. Let S be a compact complex surface with even Betti number b1.
Then S is deformation equivalent to a complex surface with extremal metrics.
5. Remarks
Theorem 4.1.1 and 4.3.2 tell us that every compact complex surface of Ka¨hler
type and Kodaira dimension 0 or 2 carries cscK metrics. This is not true for other
cases. As we show in the nonexistence case, a Hirzebruch surface S = P(O⊕O(k))
with k > 0 does not admit any cscK metrics since its automorphism group is not
reductive. Furthermore, although most of elliptic surfaces and ruled surfaces with
cscK metrics in this article have discrete automorphism group, and we know there
is an h1,1-dimensional family of cscK metrics on the nearby complex surfaces in the
deformation class by using LeBrun and Simanca’s theorem [24], it is challenging to
see, for a fixed complex structure, which Ka¨hler class do these cscK metrics lie in.
Even if the first Chern class c1(X) of a manifold X is negative, there are examples
by Ross [34] where some Ka¨hler classes do not contain any cscK metric.
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